In this paper, we will analyze a time dependent geometry in a massive theory of gravity. This will be done by analyzing Vaidya spacetime in such a massive theory of gravity. As gravitational collapse is a time dependent system, we will analyze it using the Vaidya spacetime in massive gravity. The Vainshtein and dRGT mechanisms are used to obtain a ghost free massive gravity, and construct such time dependent solutions. Singularities formed, their nature and strength will be studied in detail. We will also study the thermodynamical aspects of such a geometry by calculating the important thermodynamical quantities for such a system, and analyzing the thermodynamical behavior of such quantities.
Introduction
The observations from type I supernovae indicate that our universe is in a state of accelerated cosmic expansion [1] - [6] . This accelerated cosmic expansion can be explained by a cosmological constant term in the Einstein equation, and the existence of such a cosmological constant is predicted from all quantum field theories. However, the cosmological constant paradigm suffers from two well known problems as the "cosmological constant problem" and the "coincidence problem". These problems have motivated the people to do research in the dark energy models [7] - [9] and the modified theories of gravity [10] . The latter theories are constrained by the solar system tests [11] - [12] , where the modifications have to occur only at the infrared limit. It is possible to obtain an infrared modification of the general relativity by making the gravitons massive [13] , such that the small graviton mass does not violate the known experimental bounds. Even though this has been done by adding a small Fierz-Pauli mass term to the original action of general relativity [14] - [15] , there are problems with the zero mass limit of this theory due to the force mediated by the scalar graviton. Furthermore, such a modified theory of gravity violates the experimental bounds obtained from solar system experiments, and so it cannot be a physical theory [11] - [12] .
It was possible to resolve these problems by using the Vainshtein mechanism, which was based on the inclusion of non-linear terms in the field equation [16] - [17] . Even though the Vainshtein mechanism produces the general relativity in suitable limits, it contains higher derivative terms. These higher derivative terms give rise to negative norm Boulware-Deser ghosts [18] . This problem can also be resolved for a subclass of massive potentials, as it has been observed that for such a subclass of massive potential the Boulware-Deser ghosts do not appear [19] - [25] . This has been done using dRGT mechanism, which is a theory with one dynamical and one fixed metric [26] . It is interesting to note that a mass term in the gravitational action can also be generated from the spontaneous breaking of Lorentz symmetry at the cosmological scale. [27] - [30] . Thus, the massive gravity might be produced by some interesting theoretical considerations.
As massive gravity produces interesting deformation of the general relativity, it has been used to study the behavior of various interesting systems. The black holes in GaussBonnet massive gravity have been studied [31] - [32] , and it has been demonstrated that the inclusion of mass term produces interesting deformation of these black holes. The thermodynamics of such black holes has been studied in the extended phase space [13] - [33] . It has been demonstrated that the phase transition of black holes depends on the different parameters used in this massive gravity [33] . Cosmological solutions with a well defined initial values have been constructed in massive gravity [34] . The initial value constraints in massive gravity have been used to study the spherically symmetric deformations of flat space, and it has been demonstrated that there is a physical sector of the theory, where the theory is stable [35] .
The massive theory of gravity has also been used to analyze the deformation of AdS spacetime, and its CFT dual using the AdS/CFT correspondence [36] - [40] . The holographic entanglement entropy of a field theory dual to the massive gravity has also been studied [41] . It was observed using this holographic entanglement entropy that both first order phase transition and second order phase transition occur in this system. The holographic complexity has also been calculated in the massive gravity [42] . The stability of solution in massive gravity have been studied using holographic conductivity [43] . Thus, massive gravity has been used to study interesting physical systems using gravity/gravity duality. This is another motivation for analyzing solutions in massive gravity. As the massive gravity is interesting modification of general relativity, we will analyze a time dependent solutions in massive gravity.
The time dependent deformation of AdS solution has been used to analyze the time dependent field theories [44] - [45] , and it has led some interests to study such solutions in massive gravity. These solutions are obtained as deformations of the Vaidya spacetime, which is a time dependent spherically symmetric spacetime [46] - [47] . In fact, a time dependent black hole solution [48] , and a time dependent solutions in AdS/CFT correspondence [49] , have been studied using massive gravity. The Vaidya spacetime has already been used to investigate the jet quenching [50] of virtual gluons and thermalization of a stronglycoupled plasma [51] , with a non-zero chemical potential via the gauge/gravity duality. Thus, Vaidya spacetime can be used to model interesting physical systems. We would like to point out that Vaidya spacetime has also been used to analyze gravitational collapse [52] - [53] . In fact, the gravitational collapse in Vaidya spacetime has been widely studied in different scenarios [54] - [59] . So, the study of gravitational collapse is an important application to Vaidya spacetime. We would like to point out that either black holes or naked singularities form from such a gravitational collapse. The difference between these two types of singularities is that black holes are covered by a boundary known as event horizon beyond which no information is conveyed to an external observer. But naked singularities are not covered by any such boundaries. Theoretically, the existence of naked singularity is important because that would mean that it is possible to observe the gravitational collapse of an object to infinite density. The formation of naked singularities in general relativity have been studied using Vaidya spacetime [60] - [68] . As this is an interesting physical system, and massive gravity is an important modification of general relativity, we will study the formation of naked singularities in massive gravity. So, in this paper, we will first study a time dependent geometry in massive gravity using Vaidya spacetime. Then we will use this solution to analyze the formation of naked singularity in massive gravity. We will also study the thermodynamics of such a time dependent solution.
Vaidya Spacetime in Massive gravity
In this section, we will study a time dependent geometry using Vaidya spacetime in massive gravity. The four dimensional action of massive gravity is given by
where f is a fixed symmetric tensor and is called the reference metric, c i are constants, M is the massive gravity parameter and U i are symmetric polynomials of the eigenvalues of
given by
The square root in K means (
Then, the equation of motion of this action will be
where G µν is the Einstein tensor and χ µν is
Now, we can investigate a Vaidya metric in the context of massive gravity. We consider the spatial reference metric, in the basis (t, r, θ, φ), as follows [69] 
where h ij is two dimensional Euclidean metric and c is a positive constant. The Vaidya metric in the advanced time coordinate system is given by
where
We also consider the supporting total energy-momentum tensor of the field equation (2.3) in the following form
µν are the energy-momentum tensor for the Vaidya null radiation and the energy-momentum tensor of the perfect fluid supporting the geometry defined, respectively as
where σ, ρ and p are null radiation density, energy density and pressure of the perfect fluid, respectively. In this regard, l µ and n µ are linearly independent future pointing null vectors as
satisfying the following conditions
By this null vectors, the non-vanishing components of the total energy-momentum tensor will be
T 01 = −ρ,
Moreover, using the metric ansatz (2.13), we obtain
Consequently, we find 14) as well as the following required quantities
Now, using the equations (2.14) and (2.15), we can find the U i s in the equation (2.2) as
Using the equations (2.13), (2.14), (2.15) and (2.16), we can obtain the non-vanishing components of the massive gravity term χ µν in the field equation (2.3) as
Then, for the 00 component of the field equation (2.3), we have
where dot and prime signs denote the derivative with respect to time and radial coordinates, respectively. For the 01 and 10 component of the field equation, we have
Finally, for the 22 and 33 component of the field equation, we obtain
Dynamics of the Collapsing System
In this section, we discuss the collapsing system dynamics, which is a time dependent system, in massive gravity. This can be done by finding a solution for the field equations obtained in the previous section. We assume that the matter field follows the barotropic equation of state, which is given by p = kρ,
where k is the barotropic parameter. Using the equations (2.18), (2.19), (2.20) and (3.1) we get a solution for m as follows,
where f 1 (t) and f 2 (t) are arbitrary functions of t given by f 1 (t) = ρ(t, r)r 2(1+k) , and
with k = 1/2, where dot represents derivative with respect to t. Therefore, the metric given in the equation (2.6) can be written as the generalized Vaidya metric in massive gravity with the metric function
Now we will investigate the existence of naked singularity (NS) in generalized Vaidya spacetime. This will be done using the outgoing radial null geodesics, which will end up in the past at a singularity. So, the geodesics will terminate in the central physical singularity located at r = 0. It is possible for this singularity to be either a naked singularity or a black hole (BH). Now for a locally naked singularity, such null geodesics exist. Furthermore, if the singularity is not a naked singularity, then this system forms a black hole. Thus, by analyzing the radial null geodesics that emerge from the singularity, we can understand the nature of such a singularity. It may be noted that a singularity can be formed by a catastrophic gravitational collapse. In general, such a singularity can be either a naked singularity or a black hole. However, in general relativity, such a singularity formed from a gravitational collapse is always a black hole. This is because of the cosmic censorship in general relativity. So, in general relativity, the singularity is always covered by an event horizon. However, this need not be the case for a more general theory. In fact, it is possible for inhomogeneous dust cloud to form a naked singularity through a collapse [70] . It may be noted that some interesting results have been obtained for fluids whose equations of state is different from a dust cloud [71] . So, it is possible to generalize the cosmic censorship in general relativity [72] . Now, let us consider R(t, r) as the physical radius at time t of the shell at r. Using the scaling freedom in this system, we can write R(0, r) = r at the starting time t = 0. So, different shells become singular at different times for the inhomogeneous case. It is possible for future directed radial null geodesics to come out of the singularity, with a well defined tangent at the singularity. So, dR/dr must tend to a finite limit, as the system approaches the past singularity along these trajectories.
As the singularity is formed at R(t 0 , 0) = 0, the matter shells are crushed to zero radius at (t 0 , r) = 0. This singularity, which is formed at r = 0, is called as the central singularity. Now it is possible for future directed non-space like curves to have their past end points at this singularity. Such a singularity would then be called as a naked singularity. So, for such a system, the outgoing null geodesics terminate in the past at the central singularity located at r = 0. This occurs at t = t 0 , and for this point, R(t 0 , 0) = 0. So, along these geodesics, we obtain R → 0 as r → 0 [73] .
We can write the equation for the outgoing radial null geodesics using the equation (2.6), and setting ds 2 = 0 and dΩ 2 2 = 0. Thus, we obtain
It may be noted that this system has a singularity at r = 0, t = 0. Now, if the function X is given by X = t r , then we can study the limiting behavior of X as we approach the singularity located at r = 0, t = 0, along the radial null geodesic. This limiting value of X will be denoted by X 0 , and so we can write
Using the equations (3.2) and (3.5), we have
Now, choosing f 1 (t) = αt 2k and f 2 (t) = βt, we obtain an algebraic equation in terms of X 0 from equation (3.6) as
where α and β are constants. It may be noted that naked singularity can also from in general relativity, as this equation would have positive roots even for M = 0. Such naked singularities in Vaidya spacetime have been studied in general relativity [60] - [68] . However, in this paper, we will analyze the effects of the mass term on the formation of naked singularity, and observe what effect can such a mass term have on the formation of naked singularities. As can be observed the above equation, a non-zero mass term M = 0 will change the positive roots of this equation. So, the addition of such a term will change the effect the behavior of this system. To analyze such a behavior we first observe that the expression of f 1 (t), can either be a constant or a non-linear function of t, depending on the EoS, i.e. the cosmological era. In the early universe (k ≥ 0), we see that f 1 (t) grows with t, whereas in the late universe (k < 0), f 1 (t) decays with time. This fact is demonstrated in Fig.1(a) . On the other hand f 2 (t) is a linear function of t. Nature of f 2 (t) is demonstrated in Fig.1(b) . It can be seen that these choices of the arbitrary functions f 1 (t) and f 2 (t) are somewhat self-similar in nature. The choice of f 1 (t) is driven by the presence of r −2k in the second term in equation (3.6) . Similarly the choice of f 2 (t) is based on the presence of the term 1/r in the third term in the equation (3.6). These self-similar choices follow from the definition of X 0 given in equation (3.5). We did not consider non self-similar cases in order to avoid computational difficulties. Choices other than self-similar ones will leave residual r or t coordinates in the second and third terms of equation (3.6) . In the limiting condition Figure 1 . Fig (a) shows the variation of f 1 (t) with t for different values of k. The initial condition is fixed at α = 0.5. Fig (b) shows the variation of f 2 (t) with t and β.
this will either result in elimination of terms or creation of mathematically undefined terms, both of which are undesirable. So this can be considered a special class of solution given by the self-similar choice of the functions f 1 (t) and f 2 (t).
A black hole will be formed if we obtain only non-positive solution of this equation. However, if we obtain a positive real root for this equation, then this system will be described by a naked singularity. Here it is difficult to find exact solutions for X 0 except for some particular values. This is because the governing equation of the system is a very complicated one. These exact solutions are given in the following Table 1 . It is clear from the table that certain conditions between the parameters are required to be satisfied in order to make the solutions positive. We now analyze the results furnished in the Table 1 .
Case 1: k=0
This corresponds to the pressureless dust regime of the universe. For the solutions to be real and finite, we must have β = 0, (U − α) 2 ≥ 8β.
For positivity of the first solution we have for
But since β = 0, we must restrict ourselves to β > 0, which is in agreement with our assumption. So the first solution is positive for any positive β. For β < 0, we have for
But since β = 0, we must have β < 0 which is in agreement with our assumption. So, for β < 0, the solution 1 is always positive and represents a NS. Hence, for any non-zero real β the first solution represents an NS. For solution 2 to be positive we must have for
This gives β > 0, just like the previous case. Hence, the solution is positive. Similarly for β < 0 case also we get positive solution. Thus, this solution also represents NS. Therefore for k = 0, we get NS as the end state of collapse.
Case 2: k=1
This corresponds to the early stiff fluid era of our universe. Here, the situation is much more chaotic mathematically. We get only one solution, which turns out to be a relatively complicated one. Now physically speaking, in the early universe, due to big bang extreme amount of chaos is expected. Moreover, there are quantum fluctuations, so mathemati-cally the scenario is justified. Here, in order to have a positive solution we should have
. Moreover for negative Y , Z 2 ≥ 4Y 3 for the solution to be real.
Case 3: k=-1/2
This represents the dark energy era corresponding to the late time accelerated expanding universe. Here, the solution to be real and finite we have, β = 0, U 2 ≥ 2β (α + 4). For positive solution, we must have β (α + 4) ≥ 0 in which for β > 0 =⇒ α ≥ −4. For β < 0, we should have β (α + 4) ≤ 0 =⇒ α ≤ −4 in order to get a positive solution.
Numerical Solutions of X 0 and their interpretations
In order to understand the dynamics of collapse, we need to have a knowledge of X 0 not at discrete points of k, but throughout the cosmologically meaningful region k < 1, i.e., from early to late universe. To achieve this we proceed to obtain numerical solutions of X 0 , by assigning different initial conditions to the parameters describing this system. To visualize these solutions we obtain contours for k − X 0 for different numerical values of the involved parameters. It may be noted from the plots that the trajectories run across the positive range of X 0 thus confirming the formation of NS. In Fig.2(a) , we can observe the dependence of X 0 on the EoS parameter k for different values of the massive gravity parameter M. We see that an increase in the value of M decreases the tendency of formation of NS. Hence we observe that the dynamics of the system gets deformed by the addition of graviton mass to this system. In Fig.2(b) , the k − X 0 trajectories for different values of α are obtained.
Here also different values of α deform the dynamics of this system. Greater the value of α, greater is the tendency to form NS.
In Fig.3(a) , we observe the effect of c on the collapsing system. It is observed that greater the value of c, lesser is the tendency to form NS. In Fig.3(b) , we can observe the effect of c 2 on the system. Here also we see that an increase in c 2 decreases the possibility of NS.
In Figs.4, 5 and 6, 3D-plots are obtained to get a more comprehensive view of the dynamics of the collapse. In all the figures the resulting surfaces entirely lie in the positive half-space of X 0 , thus showing the presence of NS. In Fig.4(a) , the variation of k − M surfaces are obtained against X 0 . We see that in the dark energy regime (k < −1/3) the surface pushes towards the positive direction of X 0 , accompanied with a decrease in M, thus showing an increased tendency to form NS. In Fig.4(b) , k − α surfaces are obtained against X 0 . Here also in the dark energy regime, there is an increased tendency of NS accompanied by an increase in α. In Fig.5(a) , k − c surface is obtained against X 0 . Here accompanied by a decrease in the value of c, we witness an increased tendency of NS in the dark energy regime. In Fig.5(b) , k − c 2 surface is obtained against X 0 . The results obtained are same as that of Fig.5(a) . In Fig.6 , k − β surface is obtained against X 0 . We see that the k − β surface is parallel to the β axis. This shows that the system is not deformed by β and hence the collapse dynamics does not depend on it. This is an important result. Finally just like the previous cases here also the surface gets lifted in the dark energy regime towards the positive direction of X 0 axis.
Strength of Singularity
It is important to know about the destructive capacity of a singularity, and this is measured using the concept of strength of singularity. The strength of singularity is related to the extension of spacetime through the singularity. Now this can be quantified using the Tipler's formalism [74] - [77] . Now using the Tipler's formalism [74] - [77] , the condition for a singularity to be strong is given by,
where R µν is the Ricci tensor. Here ψ is a scalar given by
dτ is the tangent to the non-spacelike geodesics at the singularity, and τ is the affine parameter. It has been demonstrated that [77] , where m 0 is given by
Furthermore, it is also possible to writė Using Eq. (3.2) in the above relation (3.9), we obtain
It may be noted that it has been demonstrated that X 0 is related to the limiting values of mass as [77] where m ′ 0 is given by
Hereṁ 0 is given by the Eq. (3.11). Now using Eqs. (3.2), (3.11) and (3.14) in Eq. (3.13), we obtain 2α
In a particular case, if k = −1/2 (dark energy) is considered, we obtain a solution for Eq. (3.15) as
which is positive when 1 + 2c 2 c 2 M 2 ≥ 2 2β (α − 2) and α > 2 for β > 0, provided c 2 > 0.
The existence of such a positive root signifies that the singularity is naked. Using the above value of X 0 in the Eq. (3.18), we get
where we have
Here, we can write where
By using the equation (4.1) one can obtain,
In the plots of the Fig.9 we can see typical behavior of the temperature for some values of k in terms of r (a) and in terms of M (b). Fig.9 (a) plotted in terms of r, however from the Figs.8 we show that selected value of parameters yields r h ≈ 4. Instead of small radius, in the special case of k = −1, it is approximately linear function of radius. We can see that for the case of k < 0.5, temperature is increasing function of r to yields a constant for the large radius. Situation is vise for the cases of k > 0.5 (see red and blue solid lines). Then, by using the relation (4.3) one can obtain temperature in terms of M in which we can find it as increasing function of M. Also, we can see that increasing β (f 2 ) decreases the temperature. Now, we can write entropy as,
where we used πG = 1. Hence, we can use the following relation to calculate total energy, which yields to the following expression,
In the Fig.10 (a) we can see typical behavior of U for some values of k and find that value of k reduces value of the internal energy. Also, in the Fig.10 (b) we can see that internal energy is increasing function of mass parameter. Internal energy may be used to obtain Helmholtz free energy. Helmholtz free energy can be obtained via the following relation, 10) which yields to the following expression,
It is interesting to note that Helmholtz free energy is independent of M. In the plots of the Fig.11 , we can see typical behavior of the Helmholtz free energy in terms of radius for various values of k.
Finally, we can study specific heat in constant volume, 12) which yields to the following expression,
In the plots of the Fig.12 we can see typical behavior of the specific heat in terms of the mass parameter and radius. We can see that specific heat may be positive or negative (for k of order unit) which means some instability with possible phase transition. One can study such instability in the context of thermal fluctuations [78] [79] [80] [81] [82] [83] and find that presence of thermal fluctuations may remove mentioned instabilities. Also, Fig.12 (b) shows that specific heat is increasing function of mass parameter. 
Conclusions and Discussion
In this paper, we have analyzed the gravitational collapse in massive gravity. It was observed that the dynamics of this system are changed due to the addition of a mass to this system. In this paper, we first obtained equation of motion for a time dependent solution in massive gravity. Then barotropic equation of state was used to further analyze such solutions. Finally, we applied this solution to a dynamics of gravitational collapse. It was observed that the gravitational collapse depends on the value of the mass used to deform this theory. Contours for X 0 are obtained against the barometric parameter k for different values of other parameters like M, α, β, etc. Various regimes of the fluid content of the universe has been plotted such as radiation (k > 0), pressure-less dust (k = 0), dark energy (k < 0), phantom (k < −1). From the figures we see that there is no trajectories in the negative region. This rules out the existence of black holes as the end state of collapse in the context of massive gravity with the considered parameters.
From the first Figs.2, 3, 4, 5, 6, we see that the contours and surfaces of X 0 obtained against the parameters M, α, β and k lie in the positive region. This confirms the existence of positive roots of equation (3.7) and indicates the end state of the collapse can be a naked singularity in the context of massive gravity with the considered parameters.
In Fig.2(a) , we see that an increase in the value of massive gravity parameter M decreases the tendency of formation of NS. Hence, we observe that the dynamics of the system gets deformed by the addition of graviton mass to this system. In Fig.2(b) , the k − X 0 trajectories for different values of α are obtained and represents that greater values of α increase the tendency to form NS. In contrast, in Figs.3(a) and 3(b) , we observe that greater values of c and c 2 decrease the tendency to form the NSs. In Fig.4(a) , the variation of k − M surfaces are obtained against X 0 . We see that in the dark energy regime (k < −1/3) the surface pushes towards the positive direction of X 0 , accompanied with a decrease in M, thus showing an increased tendency to form NS. In Fig.4(b) , k − α surfaces are obtained against X 0 . Here also in the dark energy regime, there is an increased tendency of NS accompanied by an increase in α. In Fig.5(a) , k − c surface is obtained against X 0 . Here accompanied by a decrease in the value of c, we witness an increased tendency of NS in the dark energy regime. In Fig.5(b) , k − c 2 surface is obtained against X 0 . The results obtained are same as that of Fig.5(a) . In Fig.6 , we see that the k − β surface is parallel to the β axis around k = 0 and this shows that the system is not deformed by β and hence the collapse dynamics does not depend on it in the early universe regime. But what matters is that the surface remains totally in the X 0 > 0 region. Eventually the surface pushes up towards the positive axis for k ≤ −0.5, i.e. in the dark energy regime. This shows an increased tendency to form naked singularities. In the figs. 4-6, we see that the surfaces totally lie in the X 0 > 0 region thus showing the possibility of formation of naked singularities. We have also studied the strength of the singularity formed and showed that under certain conditions, and concluded that strong singularities are possible in massive gravity. This is illustrated in Fig.7 . It would be interesting to analyze the strength of such naked singularities, for various models, and compare the results of massive gravity with general relativity.
From the above discussion, we conclude that this work provides counterexamples of the cosmic censorship conjuncture, which states that every singularity must be covered by an event horizon, in the context of massive gravity. We would like to point out that there are two forms of the cosmic censorship conjuncture [84] - [85] . According to the strong cosmic censorship conjuncture, no locally naked singularities can occur. However, according to the weak cosmic censorship conjuncture, singularities can be locally naked, but they cannot be globally naked. It is also possible to analyze the strength of singularities, and this can be done using the Tipler's formalism [74] - [77] . We have applied this formalism to the massive gravity, and demonstrated that it possible to have a strong naked singularity in massive gravity.
Finally, we study thermodynamics of the model and calculate some thermodynamical quantities to investigate effect of mass parameter. For example, in Figs.9(b) and 12(b), we find that the thermalization temperature and specific heat respectively are increasing function of M. We also found some instabilities, corresponding to special values of k, and we found stable/unstable black hole phase transition. For the future work we would like to focus on the instabilities and consider effect of thermal fluctuations to see that what can happen with the instable regions.
